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> H is a graph of treewidth at most 8 L
» Many problems are easyvforH\D OR KO

» Extending a solution from H to HX P is sometimes easy
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structure of planar graphs

theorem

every planar graph G is a subgraph of HX P
for some graph H with treewidth < 8 and some path P
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COUNTING M™Ma CROSSING LEMMA
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The Product Structure Theorem for Planar Graphs

Theorem (Dujmovic-Joret-Micek-MgUeckerdt-Wood 2019):
For every planar graph G, there exists a planar graph H of
treewidth at most/?/and a path P such that G is a subgraph of

G et st
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Key lemma. Suppose
G* plane triangulation
T rooted spanning tree of Gt with root on outer-face
cycle C partitioned into vertical paths Py,...,Pe, with k<6
G near-triangulation consisting of C and everything inside.

Then G has a partition P into vertical paths where Py,... P € P
s.t. = G/P has a tree-decomposition in which every bag has size
at most 9 and some bag contains all vertices corresponding to

P" ceey pl(









Second Version

Theorem (Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019):
For every planar graph G there exists a planar graph H of
treewidth at most 3 such that G C HX P X K3.




Second Version

Theorem (Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019):
For every planar graph G there existg.a planar graph H of
treewidth at most 3 such that G P X Ks.
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Generalizations

Similar* product structure theorems for
H minor.
» graphs of bounded genus and apex-minor free graphs

(Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019);

*G C HX P, only the treewidth of H changes

By David Eppstein - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=9852307
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Generalizations

Similar* product structure theorems for
H minor.
» graphs of bounded genus and apex-minor free graphs

(Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019);

*G C HX P, only the treewidth of H changes

By David Eppstein - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=9852307



Generalizations

Similar* product structure theorems for

» graphs of bounded genus and apex-minor free graphs
(Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019);

» bounded degree graphs that exclude a fixed graph as a minor
(Dujmovié¢-Esperet-M-Walczak-Wood 2020);

*G C HX P, only the treewidth of H changes

By David Eppstein - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=9852307



Generalizations

Similar* product structure theorems for
» graphs of bounded genus and apex-minor free graphs
(Dujmovié¢-Joret-Micek-M-Ueckerdt-Wood 2019);

» bounded degree graphs that exclude a fixed graph as a minor
(Dujmovi¢-Esperet-M-Walczak-Wood 2020);

» k-planar graphs and (g, k)-planar graphs (Dujmovi¢-M-Wood
2019).

*G C HX P, only the treewidth of H changes

By David Eppstein - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=9852307



Algorithmic Version

S

Theorem (M 2021): There exists an O(nlog n) time algorithm
that, given an n-vertex planar triangulation G finds H and P and

the mapping V(G) — V(HKX P).
@'ﬁ

https://github.com/patmorin/lhp



Tree Decompositions

A tree decomposition of H are ai, a2, as
vertex sets (bags) Bi, Bo, ...
such that
> Bj, By, ... are the vertices of a tree az, a4 as,as, as
> veV(H)={B;|v & B;} subtree \
> wv € F(H) = Ji:u,v € B
as, as, ae az, ar

The width is the maximum size of a bag —1.

Inductive Method 2
“add a "

Inductive Method 1
“add a "
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Tripod Partition Lemma tripod

union of up to three

vertical paths whose

lower endpoints form
a clique in G

tripods with 3,2,1 legs



Tripod Partition Lemma tripod

union of up to three

vertical paths whose
> 17,75, T3 pairwise disjoint tripods lower endpoints form

> F = |T1,T5, T3] cycle a clique in G
> G near-triangulation on all vertices on and inside F
Then > there exists a partition 7 of GG into tripods with 1,715, 15 € T
> H = G/7T has tree-decomposition of width 3 with a bag containing 77,75, T3

Let > G planar triangulation, 7" BFS tree rooted at an outer vertex

Tl T2

;”3\.__. tripods with 3,2,1 legs



Tripod Partition Lemma tripod

union of up to three

vertical paths whose
> 17,75, T5 pairwise disjoint tripods lower endpoints form

> F = [Ty, T>, T3] cycle a clique in G
> (' near-triangulation on all vertices on and inside F
Then > there exists a partition 7 of GG into tripods with 14,715,753 € T
> H = G/7T has tree-decomposition of width 3 with a bag containing 717,15, T3

Let > G planar triangulation, T' BFS tree rooted at an outer vertex

tripods with 3,2,1 legs




Tripod Partition Lemma tripod

union of up to three

vertical paths whose
> 17,75, T3 pairwise disjoint tripods lower endpoints form

> F = |T1,T5, T3] cycle a clique in G
> G near-triangulation on all vertices on and inside F
Then > there exists a partition 7 of GG into tripods with 14,715,735 € T
> H = G/7T has tree-decomposition of width 3 with a bag containing 17,15, T3

Let > G planar triangulation, T BFS tree rooted at an outer vertex

Tl T2

;”3\.._. tripods with 3,2,1 legs



Tripod Partition Lemma tripod

union of up to three

vertical paths whose
> 17,75, T pairwise disjoint tripods lower endpoints form

> F = [T1,T5,T;5] cycle a clique in G
> (G near-triangulation on all vertices on and inside F
Then > there exists a partition 7 of GG into tripods with T,75,7T5 € T
> H = G /T has tree-decomposition of width 3 with a bag containing T, T5, T3

il |

tripods with 3,2,1 legs

Let > G planar triangulation, T' BFS tree rooted at an outer vertex

15




> (7 is a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3

H=G/T



> (' iIs a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3



> (' iIs a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3



> (' iIs a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3

H=G/T



> (' iIs a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3

H=G/T



> (' iIs a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3

H=G/T



H=G/T

> (' iIs a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3



H=G/T

(G is a planar triangulation
T is a tripod partition
tw(H=G/T)<3
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TRIPODs SUMHARY

/!\ > (G is a planar triangulation

> T is a tripod partition
> tw(H=G/T) <3

X ;

G H=G/T

Planar Product Structure Theorems [DJMMUW '19)

Any planar graph G is a subgraph of
the product H X P X K3 of K3, a path P,
and a graph H 5 ’
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> (G is a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3

- #

H=G/T

Planar Product Structure Theorems [DJMMUW '19]

Any planar graph G is a subgraph of

the product H

and a graph H of simple treewidth &

P of a path P

Any planar graph G is a subgraph of
the product H X P X K3 of K3, a path P,
and a graph H 5 ’
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> (G is a planar triangulation
> T is a tripod partition
> tw(H =G/T) <3

- #

H=G/T

Planar Product Structure Theorems [DJMMUW '19, UWY '21+].

Any planar graph G is a subgraph of

the product H

and a graph H of simple treewidth 5

P of a path P

Any planar graph G is a subgraph of
the product H X P X K3 of K3, a path P,
and a graph H 5 ’
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The Main Lemma

Let > G planar triangulation, T' BFS tree rooted at an outer vertex
> Pp,..., P, pairwise disjoint/vertical paths, £ < 6
> F'=|Py,..., P cycle
> ( near-triangulation on all vertices on and inside F'
Then > there exists a partition P of GG into vertical paths with Py,..., P, € P
> H = G/P has tree-decomposition of width (k + 3) — 1 with a bag containing P, ..., P
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The Main Lemma

e ©
Let > G planar triangulation, T' BFS tree rooted at an outer vertex

> Pi,..., P, pairwise disjoint vertical paths, £ < 6

.}
> F'=|Py,..., P cycle o /

> ( near-triangulation on all vertices on and inside F

Then > there exists a partition P of GG into vertical paths with Py,..., P, € P
> H = G /P has tree-decomposition of width (k + 3) — 1 with a bag containing P, ..., P
P P

— N
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The Main Lemma

o O
Let > G' planar trian ulation, T BFS tree rooted at an outer vertex
g

> Pi,..., P, pairwise disjoint vertical paths, £ < 6

. ]
> F'=|Py,..., P cycle o /
> ( near-triangulation on all vertices on and inside F

Then > there exists a partition P of G into vertical paths with P;,..., P, € P
> H = G/P has tree-decomposition of width (k + 3) — 1 with a bag containing Py, ..., Py

—1 &
plﬁ /\/ Proof of the Main Lemma.

/ > consider the parts of T in G
Py
Ps _

‘
Ps
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The Main Lemma

e ©
Let > G planar triangulation, T' BFS tree rooted at an outer vertex

> Pp,..., P, pairwise disjoint vertical paths, £ < 6

‘ ]
> F'=|Py,..., P cycle o /
> ( near-triangulation on all vertices on and inside F

Then > there exists a partition P of GG into vertical paths with P,..., P, € P
> H = G/P has tree-decomposition of width (k + 3) — 1 with a bag containing P, ..., P

—1
Plﬁ /\/ Proof of the Main Lemma.

/] > consider the parts of T in G
V \ > exactly 3 groups of at most 2 paths each
—

Py

—

P

‘
Ps
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The Main Lemma

o O
Let > G planar triangulation, T' BFS tree rooted at an outer vertex

> Pp,..., P, pairwise disjoint vertical paths, £ < 6

‘]
> F'=|Py,..., P cycle o /

> ( near-triangulation on all vertices on and inside F

Then > there exists a partition P of G into vertical paths with Py, ..., P, € P
> H = G/P has tree-decomposition of width (k + 3) — 1 with a bag containing P, ..., P
Py P

P Proof of the Main Lemma.
1
N > consider the parts of T in GG

V \ > exactly 3 groups of at most 2 paths each
P, > 3-coloring of V(G) by going along T




~ root

The Main Lemma
s

Let > G planar triangulation, T' BFS tree rooted at an outer vertex

> Pp,..., P, pairwise disjoint vertical paths, £ < 6

‘ )
> F = [Py,..., P cycle I = /

> ( near-triangulation on all vertices on and inside F

Then > there exists a partition P of G into vertical paths with Py, ..., P, € P
> H = G/P has tree-decomposition of width (k + 3) — 1 with a bag containing P, ..., P
Py P

=

P Proof of the Main Lemma.
1
N > consider the parts of T in GG

> exactly 3 groups of at most 2 paths each
1 P, > 3-coloring of V(G) by going along T
>

3-colored inner face by Sperner’'s Lemma
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The Main Lemma

e ©
Let > G planar triangulation, T BFS tree rooted at an outer vertex

> Pq,..., P pairwise disjoint/vertical paths, £ <6

.)
> F'=|Py,..., P cycle o /

> ( near-triangulation on all vertices on and inside F

Then > there exists a partition P of GG into vertical paths with P,..., P, € P
> H = G/P has tree-decomposition of width (k + 3) — 1 with a bag containing P, ..., P
P p

— N
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The Main Lemma

e ©
Let > G planar triangulation, T' BFS tree rooted at an outer vertex

®
> Pp,..., P, pairwise disjoint/vertical paths, £ < 6 )
> F'=|Py,..., P cycle o /
> (G near-triangulation on all vertices on and inside F
Then > there exists a partition P of GG into vertical paths with P,..., P, € P
> H = G/P has tree-decomposition of width (k + 3) — 1 with a bag containing P, ..., P

> =y,
"/
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Improvement to k£ < 5 paths
Py
/-_‘ NDS
Ps

> maintain P, ..., P, pairwise disjoint vertical paths, £ <5

Py



Improvement to k£ < 5 paths
Py
/-—. NDS
Ps

> maintain P, ..., P, pairwise disjoint vertical paths, £ <5

Py
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> maintain P, ...

Improvement to k£ < 5 paths

Py

, P;. pairwise disjoint vertical paths, k£ <5



Improvement to k£ < 5 paths

> maintain P, ..., Py, pairwise disjoint vertical paths, £ <5



Improvement to £ < 5 paths

P2 P2
7N AN EN
4 S />v _’/\/
\//
Py 0 P\,
\‘/\
'
\-—‘ P4 P4
P5 P5
> maintain P, ..., P, pairwise disjoint vertical paths, k£ <5
N 7 71
5! 5! . 4 5
( 41 9 ( 5 N\ ( 5 N

N N—. —



Improvement to £ < 5 paths

P2 P2
/-—‘ P3 /ﬁ\(\?>\ PS Py
4 S />v _’/\/
\//
Py 0 P\, Py
\‘/\
'
N 8 #
P5 P5
> maintain P, ..., P, pairwise disjoint vertical paths, £ <5
N 7 71
D D . 4] &
( 41 9 ( 5 N\ ( 5\

N N—. —




Improvement to £ < 5 paths

P P
YL/ 3 NS\
<>/
\// D\
Pl 5 Pl T \/ ’\
3 hel \/A/\\ _
NJ }C/
\__. Py \<L.L:J Py
P5 P5
> maintain P, ..., P, pairwise disjoint vertical paths, £ <5

> take a Sperner triangle with at most 3 paths on each side



The Main Lemma

Let > G planar triangulation, T' BFS tree rooted at an outer vertex
> Pi,..., P pairwise disjoint vertical paths, £ <5
> F'=1[P,..., P cycle
> (G near-triangulation on all vertices on and inside F
Then > there exists a partition P of G into vertical paths with Py, ..., P. € P
> H = G /P has tree-decomposition of width (k + 3) — 1 with a bag containing P, ..., P

Py

'/—\

P1/ /
N _L"

Py



The Main Lemma

Let > G planar triangulation, T' BFS tree rooted at an outer vertex
> Pi,..., P pairwise disjoint vertical paths, £ <5
> F'=1[P,..., P cycle
> (G near-triangulation on all vertices on and inside F
Then > there exists a partition P of G into vertical paths with Py, ..., P. € P
> H = G /P has tree-decomposition of width (k£ + 3) — 1 with a bag containing Py, ..., P

—
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The Main Lemma

Let > G planar triangulation, T' BFS tree rooted at an outer vertex
> Pi,..., P pairwise disjoint vertical paths, £ <5
> F'=1[P,..., P cycle
> (G near-triangulation on all vertices on and inside F
Then > there exists a partition P of G into vertical paths with Py, ..., P. € P
> H = G /P has tree-decomposition of width (k£ + 3) — 1 with a bag containing Py, ..., P

—
P
/c—\Q P1 . GS .\P.Q

P1/ p1/
— Gq IH
P P
\ ’ \ G \Qh ’ P, Py, Ps P>, Ps, Py P, P>
Ps Ps

—,

4 o— Py



The Main Lemma

Let > G planar triangulation, T' BFS tree rooted at an outer vertex
> Pi,..., P pairwise disjoint vertical paths, £ <5
> F'=1[P,..., P cycle
> (G near-triangulation on all vertices on and inside F
Then > there exists a partition P of G into vertical paths with Py, ..., P. € P
> H = G /P has tree-decomposition of width (k£ + 3) — 1 with a bag containing Py, ..., P

Py
e )=t P
/'—\ 1. Gg \2 ———
P 1, L£2,43,44,1L5
1/ Pl Q27
e G |H
P——
P.
A \ ’ \ Go \QA ik Py, Py, Ps P>, Ps3, Py P, P
0 Ps Q2 Q2,
—7, — D,



The Main Lemma

Let > G planar triangulation, T' BFS tree rooted at an outer vertex
> Pi,..., P pairwise disjoint vertical paths, £ <5
> F'=1[P,..., P cycle

> (G near-triangulation on all vertices on and inside F

Then > there exists a partition P of G into vertical paths with Py, ..., P. € P
> H = G /P has tree-decomposition of width (k£ + 3) — 1 with a bag containing Py, ..., P
N
Py width (kK +2) — 1
Py P, " P.
S G AN Py, Py, Py, Py, P
P 1, 42,4 3,144,145
1/ Pl/ Q27
— G IH
P P ;
P\ \ ’ \ G \Qh ’ P, Py, Ps P>, Ps, Py P, P>
5 o P Q2 (2,
P4 G® /P:L



The Main Lemma

Let > G planar triangulation, T' BFS tree rooted at an outer vertex
> Pi,..., P pairwise disjoint vertical paths, £ <5
> F'=1[P,..., P cycle

> (G near-triangulation on all vertices on and inside F

Then > there exists a partition P of G into vertical paths with Py, ..., P. € P
> H = G /P has tree-decomposition of width (k£ + 3) — 1 with a bag containing Py, ..., P
¢
P2 width (IZC—I—Q) —1 Pl,PQ,Pg,P4,P5
Py p, P. 2
2
/‘—\ 1‘ Gg \
P1/ P1/ P17P5P37P4
; G4 IH =
P P ;
P\ \ ’ \ G \Qh ’ P, Py, Ps P>, Ps, Py P, P>
5 o P Q2 (2,
P4 G® /P:L



Second Version

Theorem (Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019):
For every planar graph G there exists a planar graph'H of
treewidth at most 3 such that'G C HX P X K3.




Second Version

Theorem (Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019):
For every planar graph G there exists a planar graph H of
treewidth at most 3 such that G C HX P X Kj.

Useful when the (simple) treewidth of H is important
planar and treewidth-3 <= simple treewidth 3



Algorithmic Version

S

Theorem (M 2021): There exists an O(nlog n) time algorithm
that, given an n-vertex planar triangulation G finds H and P and

the mapping V(G) — V(HKX P).
@'ﬁ

https://github.com/patmorin/lhp



Generalizations

Similar* product structure theorems for

» graphs of bounded genus and apex-minor free graphs
(Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019);

*G C HX P, only the treewidth of H changes

By David Eppstein - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=9852307



Generalizations

Similar* product structure theorems for

» graphs of bounded genus and apex-minor free graphs
(Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019);

» bounded degree graphs that exclude a fixed graph as a minor
(Dujmovié¢-Esperet-M-Walczak-Wood 2020);

*G C HX P, only the treewidth of H changes

By David Eppstein - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=9852307



Generalizations

Similar* product structure theorems for
» graphs of bounded genus and apex-minor free graphs
(Dujmovié¢-Joret-Micek-M-Ueckerdt-Wood 2019);

» bounded degree graphs that exclude a fixed graph as a minor
(Dujmovi¢-Esperet-M-Walczak-Wood 2020);

» k-planar graphs and (g, k)-planar graphs (Dujmovi¢-M-Wood
2019).

*G C HX P, only the treewidth of H changes

By David Eppstein - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=9852307



product structure

minor-closed graph classes
graph mino

structure
theorem graphs of bounded genus

planar graphs

non-minor-closed
graph classes

product
structure

product
structure

graphs of bounded treewidth




Algorithmic Version

S

Theorem (M 2021): There exists an O(nlog n) time algorithm
that, given an n-vertex planar triangulation G finds H and P and

the mapping V(G) — V(HKX P).
@'ﬁ

https://github.com/patmorin/lhp
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» graphs of bounded genus and apex-minor free graphs
(Dujmovi¢-Joret-Micek-M-Ueckerdt-Wood 2019);

» bounded degree graphs that exclude a fixed graph as a minor
(Dujmovié¢-Esperet-M-Walczak-Wood 2020);

*G C HX P, only the treewidth of H changes

By David Eppstein - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=9852307
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